
ML2R Coding Nuggets
Hopfield Nets for Max-Sum Diversification

Christian Bauckhage∗
Machine Learning Rhine-Ruhr

Fraunhofer IAIS
St. Augustin, Germany

Fabrice Beaumont
Computer Science
University of Bonn
Bonn, Germany

Sebastian Müller
Machine Learning Rhine-Ruhr

University of Bonn
Bonn, Germany

ABSTRACT
We demonstrate that Hopfield networks can tackle the max-sum
diversification problem. To this end, we express max-sum diversifi-
cation as a quadratic unconstrained binary optimization problem
which can be cast as a Hopfield energy minimization problem. Since
max-sum diversification is an NP-hard subset selection problem, we
cannot guarantee that Hopfield nets will discover an optimal solu-
tion. Nevertheless, our simple NumPy implementation consistently
produces good results.

1 INTRODUCTION
The problem of max-sum diversification has a venerable history
in location- or portfolio optimization [8, 12, 16] but also occurs in
the context of information retrieval, recommender systems, or data
clustering [1, 9, 17, 19, 25]. In all these setting, we may be interested
in identifying a small but diverse subset of a given set of objects.
If we assume that two objects are diverse if they are far apart, this
subset selection problem can be formalized as follows:

Given some set X = {x1, . . . ,xn } and an appropriate distance
measure d(·, ·), determine a subset S ⊂ X of size |S| = k < n of
maximum dispersion. In other words, solve

S∗ = argmax
S⊂X

∑
xi ∈S

∑
x j ∈S

d
(
xi ,x j

)
s.t. |S| = k .

(1)

If we gather all pairwise distances between the elements of X in
an n × n distance matrix D and introduce a binary indicator vector
z ∈ {0, 1}n where

zi =

{
1 if xi ∈ S

0 otherwise,
(2)

we can write the problem in (1) much more succinctly, namely

z∗ = argmax
z ∈{0,1}n

z⊺D z

s.t. 1⊺z = k
(3)

where 1 denotes the n-dimensional vector of all ones.
This formulation now immediately reveals that max-sum diver-

sification is an NP-hard integer programming problem. Solution
strategies therefore resort to greedy heuristics which achieveO(nk)
efficiency but lack optimality guarantees [19]. More sophisticated
heuristics provide optimality guarantees of O(1 − 1/k) and require
O(nk2 logk) runtime [7] or achieve O(1 − 1/ϵ) at O(n/ϵ logk) run-
time where the constant ϵ ≪ 1 [1].
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However, the algebraic structure of the problem in (3) suggests
that it could also be written as a quadratic unconstrained binary
optimization (QUBO) problem. This, in turn, could allow us to
cast max-sum diversification as an energy minimization problem
that can be solved by Hopfield networks. Indeed, both these ideas
are feasible and putting them into practice is what this note is all
about.

In section 2, we first recall the basic theory behind Hopfield
networks and then explain how to turn the max-sum diversification
problem in (3) into an energy minimization problem a Hopfield net
can solve.

As a use case for our NumPy/SciPy implementations of Hopfield
nets for max-sum diversification in section 3, we will consider the
n = 400 tiny face images in Fig. 1 and attempt to identify diverse
subsets of k ∈ {9, 16, 25, 36} faces.

Alas, we will not discuss Python code for image I/O but only
those code snippets required for corresponding Hopfield network
computations. Readers who would like to experiment with those
should be familiar with NumPy/SciPy [15] and only need to

import numpy as np

import numpy.random as rnd

import scipy.spatial as spt

Figure 1: 400 tiny images sampled from the CBCL face data-
base (and sorted from lowest to highest total brightness).

https://orcid.org/0000-0001-6615-2128
https://orcid.org/0000-0001-6615-2128
https://en.wikipedia.org/wiki/Quadratic_unconstrained_binary_optimization
https://en.wikipedia.org/wiki/Quadratic_unconstrained_binary_optimization
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2 THEORY
A Hopfield network is a recurrent neural net of n interconnected
neurons s1, s2, . . . , sn each of which is a bipolar threshold unit

si =

{
+1 if w⊺

i s − θi ≥ 0
−1 otherwise

= sign
(
w⊺
i s − θi

)
(4)

where the bipolar vector s = [s1, . . . , sn ]⊺ ∈ {−1,+1}n denotes the
overall state of the network.

If the weight matrixW = [w1,w2, . . . ,wn ] of a Hopfield net is
symmetric and hollow (i.e.W =W ⊺ and diag[W ] = 0) and if its
neurons si update asynchronously (i.e. compute (4) one at a time),
then these updates will never increase the energy

E(s) = − 1
2 s

⊺Ws + θ⊺s (5)

of the network. As there are “only” 2n states the network can be in,
it will converge to a (local) energy minimum within finitely many
steps [10].

This property of Hopfield nets can be used for problem solving
if the problem at hand can be written as a QUBO. The idea simply
is to run a Hopfield net whose weight- and bias parametersW and
θ are designed such that minimum energy state(s)

s∗ = argmin
s ∈{±1}n

− 1
2 s

⊺Ws + θ⊺s (6)

of the network encode the sought after solution(s).

2.1 Hopfield Nets for Max-Sum Diversification
The major challenge when using Hopfield nets for problem solving
is to (re)write the given problem as a QUBO. Should this be possible,
it is typically easy to implement a corresponding Hopfield net.
We will see this in the following where we first turn the equality
constrained integer programming problem in (3) into a QUBO for
which we then derive an energy function that can be minimized by
a Hopfield network.

In order to derive a QUBO representation of the max-sum diver-
sification problem in (3) which, once again, reads

argmax
z ∈{0,1}n

z⊺D z

s.t. z⊺1 = k
(7)

we first of all note that its objective function z⊺Dz is a quadratic
form in the decision variable z. We can therefore turn the maxi-
mization problem in (7) into an equivalent minimization problem,
namely

argmin
z ∈{0,1}n

− z⊺D z

s.t. z⊺1 = k
(8)

Next, we consider the single equality constraint of this problem
and note the implication z⊺1 = k ⇔

(
z⊺1 − k

)2
= 0. This allows

us to rewrite (8) as

argmin
z ∈{0,1}n

− z⊺D z

s.t.
(
z⊺1 − k

)2
= 0

(9)

If we then introduce a Lagrange multiplier λ which we will hence-
forth treat as a parameter that has to be chosen manually, we can
eliminate the equality constraint altogether and also express our
problem as

argmin
z ∈{0,1}n

−z⊺D z + λ ·
(
z⊺1 − k

)2 (10)

Next, we expand the squared term in (10) and find the following

argmin
z ∈{0,1}n

−z⊺D z + λ z⊺11⊺z − 2 λ k 1⊺z + const (11)

where const indicates terms independent of z. Since these do not
impact the solution of our optimization problem, wemay drop them.
This, and further clean-up, results in

argmin
z ∈{0,1}n

z⊺
[
λ 11⊺ − D

]
z − 2 λ k 1⊺z (12)

Now, we introduce two short-hands, namely a matrix and a vector

P = λ 11⊺ − D (13)
p = −2 λ k 1 (14)

which finally allows us to express the max-sum diversification
problem as

argmin
z ∈{0,1}n

z⊺P z + p⊺z (15)

At this point, we have achieved our first major goal and cast
max-sum diversification as a QUBO. However, (15) minimizes over
binary vectors z with entries zi ∈ {0, 1} while the Hopfield energy
minimization problem in (5) minimizes over bipolar vectors s with
entries si ∈ {−1,+1}.

In order to reach our overall goal of expressing max-sum diver-
sification as a Hopfield energy minimization problem we therefore
need to keep going. Hence, we recall that binary and bipolar vectors
are isomorphic in the sense that

s = 2z − 1 ⇔ z = 1
2 [s + 1] (16)

If we thus plug z = 1
2 [s + 1] into (15), we find that the max-sum

diversification problem can also be expressed as

argmin
s ∈{±1}n

1
4 [s + 1]

⊺P [s + 1] + 1
2 p

⊺[s + 1] (17)

Expanding all the matrix-vector products and inner products in
this expression yields

argmin
s ∈{±1}n

1
4 s

⊺P s + 1
2 s

⊺P 1 + 1
2 s

⊺p + const (18)

where const now denotes terms independent of s . Since these, too,
do not impact the sought after solution, we may again drop them.
This, and further clean-up, results in

argmin
s ∈{±1}n

1
4 s

⊺P s + 1
2 s

⊺ [P 1 + p
]

(19)

At this point, we observe that the diagonal elements of matrix
P = λ 11⊺ − D are all given by Pii = λ because, for any distance
matrix D, we have Dii = 0. This allows us to rewrite (19) as

argmin
s ∈{±1}n

1
4 s

⊺ [P − λ I
]
s + λ

4 s
⊺I s + 1

2 s
⊺ [P 1 + p

]
(20)
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Algorithm 1 Random asynchronous updates of a Hopfield net

initialize s0 ∈ {±1}n

for t = 0, . . . , tmax do

u ∼ Uni f orm
(
{1, . . . ,n}

)
(
st+1

)
u = sign

(
w⊺
u st − θu

)
where I denotes the n ×n identity matrix. If we next recall a crucial
general property of bipolar vectors s with entries si ∈ {−1,+1},
namely that

s⊺I s =
n∑
i=1

s2i = n (21)

we realize that the term λ
4 s

⊺I s = λ n
4 is yet another constant

independent of s . But this means that we may cast the max-sum
diversification problem as the problem of solving

argmin
s ∈{±1}n

s⊺Q s + q⊺s (22)

where we have introduced the short-hands

Q = 1
4
[
P − λ I

]
(23)

q = 1
2
[
P 1 + p

]
(24)

We thus have reached another major milestone and expressed
max-sum diversification as a QUBO over bipolar vectors s . We also
emphasize an important characteristic of the result in (22), namely
that the coupling matrix Q has a diagonal of all zeros. We have
therefore found a formulation of our problem that meets all the
requirements for the use of Hopfield networks.

Yet, the sign pattern and scaling of the problem in (22) still deviate
from the general form of a Hopfield energy minimization problem
in (6). However, we may simply define

W = −2Q (25)
θ = q (26)

to finally turn max-sum diversification into an energy minimization
problem that reads

argmin
s ∈{±1}n

− 1
2 s

⊺Ws + θ⊺s (27)

and can thus be solved by a Hopfield net.

2.2 Asynchronous Updates of Hopfield Nets
To conclude our theoretical discussion, we briefly look at a simple
idea for how to run a Hopfield net asynchronously.

This idea is summarized in Alg. 1 and indeed rather trivial. We
simply assume that a Hopfield net evolves over a sequence of time
steps t = 0, 1, . . . , tmax. At time t , it is in state st . If neuronu is then
randomly chosen to update its activation, its activation at time t + 1
amounts to(

st+1
)
u = sign

(
w⊺
u st − θu

)
(28)

for all other neurons i , u, we have(
st+1

)
i =

(
st
)
i (29)

This way the neurons of the network do indeed update one at
a time. Depending on the current global state st , the update of
neuron u in (28) may either cause its activation to switch from ±1
to ∓1 or to remain the same. In case of the latter, we obviously
have ∆E = E(st+1) − E(st ) = 0. In case of the former, it is a tedious
yet straightforward exercise to prove that, ifW is symmetric and
hollow, ∆E = −2 · (st+1)u · (w⊺

u st − θu ). And, since (st+1)u has, by
definition, the same sign as (w⊺

u st − θu ) it follows that ∆E < 0.
Hence, if we run Alg. 1 to evolve a Hopfield network over time,

we are guaranteed that its energy at the end of this evolution can
never be greater than its initial energy. On the contrary, it will
almost surely be (much) smaller. With respect to the max-sum di-
versification problem, this means that the +1-entries of stmax will
index mutually far apart elements of the data set under considera-
tion.

3 PRACTICE
In this section, we discuss how to practically implement Hopfield
nets for the max-sum diversification problem.

As an application example, we consider the setX of n = 400 face
images in Fig. 1. These were sampled from the CBCL face database
[22] which contains intensity images of 19 × 19 pixels. We may
therefore represent the tiny images in Fig. 1 in terms of vectors
xi ∈ R361 and gather them in a data matrix

X =
[
x1, . . . ,xn

]
(30)

of size 361×n. This way, our objects of interest are now real valued
vectors for which we can consider distance measures such as the
squared Euclidean distance.1 Hence, it is easy to compute an n × n
distance matrix

D where Di j =
xi − x j

2 (31)

which we need to define the weights of our Hopfield net.
In what follows, we assume that the images in Fig. 1 have already

been read into memory, vectorized, and gathered in a data matrix
which is implemented as a 2D NumPy array matX whose size we
determine using

m, n = matX.shape

Next, we initialize the weight matrixW and bias vector θ of our
Hopfield net. To this end, we use function hnetInitParameters
in Listing 1 and call, say

matW , vecT = hnetInitParameters(vecX , 9)

to obtain corresponding NumPy arrays matW and vecT.
The three parameters of hnetInitParameters in Listing 1 are

the data array vecX we assume to be given, an integer k which
indicates the number of data points we wish to determine, and a
number l which represent the multiplier λ that first occurred in
equation (10). The latter can be set by the user, however, we choose
its default value to be None and shortly explain why.

In lines 4 and 5 of hnetInitParameters, we apply methods
provided in SciPy’s spatial module in order to compute a 2D
array matD which represents the distance matrix D in (31). For a
detailed explanation of the inner working of these SciPy methods,
we refer to our earlier discussion in [3].
1We may, of course, also work with other distances. We consider squared Euclidean
distances really just because they are easy to compute.
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Listing 1: initializing parametersW and θ of a Hopfield net
1 def hnetInitParameters(matX , k, l=None):
2 m, n = matX.shape
3
4 matD = spt.distance.pdist(matX.T, 'sqeuclidean ')
5 matD = spt.distance.squareform(matD)
6 matD = matD / np.max(matD)
7
8 mat1 = np.ones((n,n))
9 vec1 = np.ones(n)
10 matI = np.eye(n)
11
12 if l is None:
13 l = 10*n
14
15 matP = l * mat1 - matD
16 vecP = -l * 2*k * vec1
17
18 matQ = 0.25 * (matP - l * matI)
19 vecQ = 0.50 * (matP @ vec1 + vecP)
20
21 matW = -2 * matQ
22 vecT = vecQ
23
24 return matW , vecT

Listing 2: running a Hopfield net
1 def signum(x):
2 return np.where(x >= 0, +1, -1)
3
4
5 def hnetRunRnd(vecS , matW , vecT , tmax =100):
6 for u in rnd.randint(0, len(vecS), tmax):
7 vecS[u] = signum(matW[u] @ vecS - vecT[u])
8 return vecS

In line 6, we normalize array matD such that it largest entry
equals 1. From the point of view of the (symmetric) distances matrix
D represented by matD, this has the effect that its row- and column
sums are bounded by∑

i
Di j =

∑
j
Di j < n (32)

and our motivation behind this normalization will become clear
shortly.

The arrays vec1, mat1, and matI that are initialized in lines 8–10
represent the vector 1 and the matrices 11⊺ and I , respectively.

Lines 12 and 13 address the crucial open question of how to set
the Lagrange multiplier λ which is a parameter of the weights and
bias values of our network. To make a long story short, its choice
generally has to trade off the two objectives of identifying far apart
data points but only k of those. If λ was too small, the the former
objective would outweigh the latter and our Hopfield net would
likely determine more than k diverse objects which is undesirable.
However, the implicit weight of the first objective depends on the
sizes of the entries of distance matrix D which are data dependent
and thus cannot be known in general. To circumvent this issue,
we applied the normalization in line 6 which bounds the implicit
weight of the first objective byn, the number of given data. Working
with this normalization, λ = 10 ·n is then generally large enough to
enforce the second objective and this is the value we set in line 13.

The arrays computed in lines 15–22 are straightforward NumPy
implementations of the matrices and vectors we defined in (13),
(14), (23), (24), (25), and (26) and thus do not need elaboration2.

Having initialized the parameters matW and vecT of our Hopfield
net for max-sum diversification, we next need to set its initial state
s . Here, a random initialization may be a good idea in practice, how-
ever, when in doubt, we may simply choose s = −1. To accomplish
this in NumPy, we use

vecS = -np.ones(n)

After all these preparatory steps, we are finally good to go and
may call

vecS = hnetRunRnd(vecS , matW , vecT)

to solve our max-sum diversification sorting problem. This applies
unction hnetRunRnd in Listing 2 which implements the ideas in
Alg. 1.

The first three parameters of hnetRunRnd are self-explanatory.
Parameter tmax indicates the number of update iterations our Hop-
field should perform.

The for loop in line 6 is over an array of size tmax whose en-
tries are random integers u in the interval [0,n − 1] and indicate
which neurons should should update their activation. The respec-
tive update is computed in line 7 and another straightforward im-
plementation of the underlying mathematics. However, it is worth
mentioning that line 7 involves a custommade sign function signum
which is defined in lines 1 and 2 of Listing 2. We use signum instead
of the NumPy function np.sign because the latter implements

sign(x) =


−1 if x < 0
0 if x = 0
+1 if x > 0

However, for Hopfield nets to work properly, we must insists on

sign(x) =

{
−1 if x < 0
+1 if x ≥ 0

as computed by signum. Finally, hnetRunRnd returns a state vector
s which represents the activation pattern of the neurons of the
network after tmax updates.

In order to turn this activation pattern into a selection of (hope-
fully) diverse images, we have to carry out one more step which
we realize as follows

mask = np.where(vecS >0, True , False)

matS = matX[:,mask]

This will create a 2D array matS whose columns represent the
images our Hopfield net deemed to be diverse.

The prototypical examples in Fig. 2 indicate the our implementa-
tion of max-sum diversification Hopfield nets works appropriately.
The shown examples resulted from choosing k ∈ {9, 16, 25, 36} and
were found within tmax = 100 update iterations of our networks.
While there is no guarantee that the energies E(stmax ) of the result-
ing final states are the lowest possible, the selected images appear
reasonably diverse to human observers.

2Note, however, that our implementation sacrifices efficiency for readability. There are
more (memory) efficient ways of implementing matrixW and vector θ which would
make use of NumPy features that would render the underlying math less recognizable.



Hopfield Nets for Max-Sum Diversification

(a) k = 9 (b) k = 16 (c) k = 25 (d) k = 36

Figure 2: Diverse subsets of sizes k ∈ {9, 16, 25, 26} of the n = 400 face images in Fig. 1 (all sorted from darkest to brightest).

4 CONCLUSION
This note demonstrated that Hopfield networks can tackle the NP-
hard max-sum diversification problem. To achieve this, we first ex-
pressed max-sum diversification as a QUBO which we then rewrote
as a Hopfield energy minimization problem. Our NumPy imple-
mentations of corresponding Hopfield nets were straightforward
translations from this mathematics into code.

To some, it may seem miraculous that such a simple neurocom-
puting paradigm can tackle such a difficult problem. Others may
now wonder if Hopfield nets are a strong contender for max-sum
diversification. Since there are highly specialized heuristics for this
problem [1, 7], we will not argue that the latter is the case.

However, the fact that Hopfield nets can tackle max-sum diver-
sification is interesting for another reason: If a problem can be
written such that it can be solved using Hopfield nets, it can also
be solved using adiabatic quantum computing [4, 11] or highly effi-
cient digital annealers [6, 13, 14]. For the max-sum diversification
problem, we already demonstrated this in eralier work [5]. This, in
turn, is interesting w.r.t. other anlytics methods, too. For instance,
there are variants of archetypal analysis or non-negative matrix
factorization which require the computation of diverse sets of data
points [2, 18, 20, 21, 23, 24]. Running this preparatory step on quan-
tum computers could, in the future, significantly speed up such
procedures.
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