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ABSTRACT
We derive the dual problem of 𝐿2 support vector machine training.
This involves setting up the Lagrangian of the primal problem and
working with the Karush-Kuhn-Tucker conditions. As a payoff, we
find that the dual poses a rather simple optimization problem that
can be solved by the Frank-Wolfe algorithm.

1 INTRODUCTION
Consider a set of labeled training data

{
(𝒙 𝑗 , 𝑦 𝑗 )

}𝑛
𝑗=1 where the data

𝒙 𝑗 ∈ R𝑚 have been sampled from two classes Ω1 and Ω2 and the
labels 𝑦 𝑗 ∈ {−1, +1} indicate class membership in the sense that

𝑦 𝑗 =

{
+1 if 𝒙 𝑗 ∈ Ω1
−1 if 𝒙 𝑗 ∈ Ω2

Give data like these, we might want to train a binary classifier
that can predict class labels of previously unseen data. A simple yet
fairly general mathematical model of such a machine is a binary
linear classifier, i.e. a function 𝑦 : R𝑚 → {−1, +1} where

𝑦
(
𝒙
)
=

{
+1 if 𝒘⊺𝒙 − \ ≥ 0
−1 otherwise

= sign
(
𝒘⊺𝒙 − \

)
The two parameters 𝒘 ∈ R𝑚 and \ ∈ R of such a classifier are
called weight vector and threshold value and training means to
estimate them from the training data. This is commonly formalized
as an optimization problem and there are many ideas of what to
actually optimize. Depending on which optimization criterion is
chosen, the resulting estimates may differ and the trained classifier
may work more or less well and will go by different names (naïve
Bayes classifier, least squares classifier, linear discriminant classifier,
support vector machine, . . . ).

In this note, we are concerned with support vector machines
(SVMs). These, too, come in different kinds and flavors. The most
well known are the standard SVMs due to Cortes and Vapnik [5].
Other popular flavors include least squares SVMs due to Suykens
and Vanderwalle [15] or a-SVMs by Schölkopf et al. [11]. A surpris-
ingly less well known variant are 𝐿2 SVMs whose origins can be
traced back to work by Frieß and Harrison [7] and Mangasarian
and Musicant [9]. These are the ones, we will study here.

𝐿2 SVMs are known to be robust, reliable, and fast and easy to
train [1]. The latter is because the optimization problem that needs
to be solved when training them is comparatively simple and to
work this out is what this note is all about.

In the following, we first present the primal problem of train-
ing an 𝐿2 SVM and then derive the corresponding dual problem.

This is the problem we consider to be simple and we conclude our
discussion by explaining why this is.

Note: This theory nugget does not provide an introduction to
support vector machines but assumes that readers are familiar with
the underlying theory and the respective jargon (margins, slack
variables, . . . ).

2 THE PRIMAL 𝐿2 SVM TRAINING PROBLEM
Recall that, during training, a (linear) support vector machine for
binary classification tries to learn the maximum-margin hyperplane
between the training data from the two classes. Any hyperplane
can be characterized by𝒘⊺𝒙 − \ = 0 and the idea is to estimate𝒘
and \ such that the distance ormargin 𝜌 ∈ R between the plane and
the nearest training data 𝒙 𝑗 from either class is maximized. Should
the two classes overlap, there is no separating hyperplane. This
issue can be circumvented by trying to identify a plane such that
the individual margins 𝜌 − b 𝑗 are maximize where the b 𝑗 ≥ 0 ∈ R
are slack variables which we may gather in a vector 𝝃 ∈ R𝑛 .

While this training objective appears well specified, there once
again are several ways of how to formalize it. For instance, the clas-
sical (or 𝐿1) SVMs due to Cortes and Vapnik [5] solve the following
primal problem

argmin
𝒘, \,𝝃

1
2 ∥𝒘 ∥

2 +𝐶
𝑛∑︁
𝑗=1

b 𝑗

s.t.
𝑦 𝑗 ·

(
𝒘⊺𝒙 𝑗 − \

)
− 1 + b 𝑗 ≥ 0, 1 ≤ 𝑗 ≤ 𝑛

b 𝑗 ≥ 0, 1 ≤ 𝑗 ≤ 𝑛

where 𝐶 ≥ 0 ∈ R is a parameter that allows for tuning the slack.
However, in this note, we are interested in 𝐿2 SVMs and the

primal problem of training an 𝐿2 support vector machine is
to solve

argmin
𝒘, \,𝜌,𝝃

1
2 ∥𝒘 ∥

2 + 1
2\

2 − 𝜌 + 𝐶
2

𝑛∑︁
𝑗=1

b2𝑗

s.t. 𝑦 𝑗 ·
(
𝒘⊺𝒙 𝑗 − \

)
− 𝜌 + b 𝑗 ≥ 0, 1 ≤ 𝑗 ≤ 𝑛

(1)

Looking at this constrained optimization problem, several remarks
appear to be in order:

In contrast to the primal 𝐿1 SVM training problem, all occur-
rences of slack variables in the objective function are now in form of
squares hence the name 𝐿2 SVM. Moreover, since the slack variables
enter the objective function as squares, the sum over these squares
can never be negative. This is why the non-negativity constraints
b 𝑗 ≥ 0 have been dropped.

Again in contrast to the primal 𝐿1 SVM training problem, the
objective function of the primal 𝐿2 SVM training problem also

https://orcid.org/0000-0001-6615-2128
https://en.wikipedia.org/wiki/Linear_classifier
https://en.wikipedia.org/wiki/Linear_classifier
https://en.wikipedia.org/wiki/Linear_classifier
https://en.wikipedia.org/wiki/Support-vector_machine
https://en.wikipedia.org/wiki/Support-vector_machine


C. Bauckhage and R. Sifa

involves the parameters \ and 𝜌 . While the 𝐿2 training problem
may thus look more daunting than the 𝐿1 training problem, we will
see below that the way these parameters enter the problem has
been designed very cleverly. In fact, the primal 𝐿2 training problem
has been formalized so cleverly that its practically more important
dual is downright simple. All this is to say that we actually do not
have to worry about the ostensible overhead in (1).

However, before we begin to derive the dual problem of 𝐿2 SVM
training, we will first (re)write the primal problem in a more concise
form. To this end, we introduce a new symbol and write

𝒛 𝑗 = 𝑦 𝑗 · 𝒙 𝑗 (2)

to denote training data point 𝒙 𝑗 weighted by its label value𝑦 𝑗 . Next,
we gather all the weighted training data in a data matrix

𝒁 =
[
𝒛1, 𝒛2, . . . , 𝒛𝑛

]
(3)

of 𝑛 columns. And, in a simmilar vein, we also gather the given
training labels 𝑦 𝑗 in an 𝑛-dimensional vector

𝒚 =
[
𝑦1, 𝑦2, . . . , 𝑦𝑛

]⊺ (4)

Moreover, with respect to the two more complicated terms in
the objective function of (1), we note that we can write

∥𝒘 ∥2 = 𝒘⊺𝒘 (5)

as well as
𝑛∑︁
𝑗=1

b2𝑗 = 𝝃 ⊺𝝃 (6)

Finally, we let 0, 1 ∈ R𝑛 denote the vectors of all zeros and all
ones, respectively. All of this allows us to express the primal 𝐿2
SVM training problem as

argmin
𝒘, \,𝜌,𝝃

1
2𝒘
⊺𝒘 + 1

2\
2 − 𝜌 + 𝐶

2 𝝃
⊺𝝃

s.t.
[
𝒁⊺𝒘 − \ · 𝒚

]
− 𝜌 · 1 + 𝝃 ⪰ 0

(7)

3 THE DUAL 𝐿2 SVM TRAINING PROBLEM
In order to derive the dual of the above primal problem, we first
of all note that (7) constitutes a quadratic minimization problem
with a total of 𝑛 greater-than-or-equal-to constraints subsumed in
a single matrix-vector expression.

Hence, if we introduce 𝑛 Lagrange multipliers ` 𝑗 which we
may gather in a vector 𝝁 ∈ R𝑛 , we obtain the following Lagrangian

L
(
𝒘, \, 𝝃 , 𝜌, 𝝁

)
= 1

2𝒘
⊺𝒘 + 1

2\
2 − 𝜌 + 𝐶

2 𝝃
⊺𝝃

− 𝝁⊺
[
𝒁⊺𝒘 − \ · 𝒚 − 𝜌 · 1 + 𝝃

] (8)

Now, recall that theKarush-Kuhn-Tucker conditions describe
a set of criteria any valid solution to our inequality constrained
problem must fulfill [3, 4] . The KKT 1 condition (stationarity), for
instance, demands that, at a solution, we must have ∇L = 0.

Next, we therefore partially derive our Lagrangian with respect
to its parameters and equate the resulting expressions to zero. If
we recall some basic rules from multivariate calculus [10], this is

easily done and we find

𝜕L
𝜕𝒘

= 𝒘 − 𝒁𝝁
!
= 0 ⇒ 𝒘 = 𝒁𝝁 (9)

𝜕L
𝜕\

= \ +𝒚⊺𝝁 !
= 0 ⇒ \ = −𝒚⊺𝝁 (10)

𝜕L
𝜕𝝃

= 𝐶 𝝃 + 𝝁
!
= 0 ⇒ 𝝃 = − 1

𝐶
𝝁 (11)

𝜕L
𝜕𝜌

= −1 + 1⊺𝝁 !
= 0 ⇒ 1 = 1⊺𝝁 (12)

Plugging the three results in (9), (10), and (11) back into (8) elim-
inates the parameters𝒘 , \ , and 𝝃 and the Lagrangian becomes

L
(
𝜌, 𝝁

)
= 1

2𝝁
⊺𝒁⊺𝒁𝝁 + 1

2𝝁
⊺𝒚𝒚⊺𝝁 − 𝜌 + 1

2𝐶 𝝁⊺𝝁

− 𝝁⊺𝒁⊺𝒁𝝁 − 𝝁⊺𝒚𝒚⊺𝝁 + 𝜌 · 𝝁⊺1 − 1
𝐶
𝝁⊺𝝁

(13)

Further simplification and application of the result in (12) leads to
an even cleaner expression

L
(
𝜌, 𝝁

)
= − 1

2𝝁
⊺𝒁⊺𝒁𝝁 − 1

2𝝁
⊺𝒚𝒚⊺𝝁 − 1

2𝐶 𝝁⊺𝝁

= − 1
2𝝁
⊺
[
𝒁⊺𝒁 +𝒚𝒚⊺ + 1

𝐶
𝑰
]
𝝁

≡ D
(
𝝁
)

(14)

Function D
(
𝝁
)
is called the Lagrangian dual and we note that

it only depends on the Lagrange multipliers ` 𝑗 in vector 𝝁. We
also note that D

(
𝝁
)
is a (definite) quadratic form in 𝝁 or, more

specifically, a concave function (due to the scaling factor of −1/2)
so that it has a unique maximum.

However, if we set out to maximize D
(
𝝁
)
with respect to 𝝁 we

must incorporate two constraints. The one is a consequence of
(12) which demands that 1⊺𝝁 = 1; the other is due to the KKT 3
condition (dual feasibility) which demands that 𝝁 ⪰ 0.

Because of Lagrange duality and the two constraints we just
pointed out, we therefore find that the dual problem of training
an 𝐿2 support vector machine consists in solving

argmax
𝝁

− 1
2𝝁
⊺
[
𝒁⊺𝒁 +𝒚𝒚⊺ + 1

𝐶
𝑰
]
𝝁

s.t.
1⊺𝝁 = 1

𝝁 ⪰ 0

(15)

4 CONCLUSION
𝐿2 SVMs as discussed in this note are a lesser known member of the
support vector machine family. We presented the primal problem of
training such an SVM (7) and then derived the corresponding dual
problem (15). To conclude our discussion, we note the following:

First of all, if we could solve the problem in (15) for the optimal
vector of Lagrange multipliers 𝝁∗, we could use it to determine
the actually sought after parameters𝒘 and \ of our support vector
machine. This is thanks to (9) and (10) which provide us with

𝒘 = 𝒁𝝁∗ (16)
\ = −𝒚⊺𝝁∗ (17)

https://en.wikipedia.org/wiki/Lagrange_multiplier
https://en.wikipedia.org/wiki/Lagrange_multiplier
https://en.wikipedia.org/wiki/Karush%E2%80%93Kuhn%E2%80%93Tucker_conditions
https://en.wikipedia.org/wiki/Duality_(optimization)
https://en.wikipedia.org/wiki/Definite_quadratic_form
https://en.wikipedia.org/wiki/Concave_function
https://en.wikipedia.org/wiki/Duality_(optimization)#The_strong_Lagrangian_principle:_Lagrange_duality


The Dual Problem of 𝐿2 Support Vector Machine Training

Second of all, the major difference between 𝐿2 SVMs and the
better known classical 𝐿1 SVMs is that the slack variables enter the
primal objective in squared form. From the point of view of the
performance of a correspondingly trained classifier, this makes no
difference whatsoever [1, 8]. However, from the point of view of
ease of training it does.

We just saw that one of the favorable properties of the cleverly
designed primal 𝐿2 SVM training problem is that the corresponding
dual is rather simple. Although we are dealing with a constrained
optimization problem, the feasible set in which the optimal solution
must reside is just the standard simplex

Δ𝑛−1 =
{
𝝁 ∈ R𝑛

��� 𝝁 ⪰ 0 ∧ 1⊺𝝁 = 1
}

(18)

Moreover, since our objective function is quadratic and concave,
maximizing D

(
𝝁
)
is the same as minimizing −D

(
𝝁
)
.

These two observation, however, mean that we could also write
the dual 𝐿2 SVM training problem as

argmin
𝝁∈Δ𝑛−1

1
2 𝝁
⊺
[
𝒁⊺𝒁 +𝒚𝒚⊺ + 1

𝐶
𝑰
]
𝝁 (19)

Third of all, the expression in (19) now immediately reveals that
the dual 𝐿2 SVM training problem is a convexminimization problem
over a compact convex set!

These are the kind of problems where the Frank-Wolfe algorithm
excels [6]. It is easy to implement and converges fairly quickly to
the optimal solution [1, 13, 14] and can even be realized by neural
networks [2, 12].

All of this is to say that it is easy to train an 𝐿2 Support vector
machine and we will discuss implementation details in our ML2R
coding nuggets series.
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